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INTRODUCTION 
The purpose of this paper is to study the oscillatory behavior of the 
differential equation 
.x”(t) +p(t).f(-4t), x(h(t))) g(x’(r)) = 03 t 3 t,,. (1) 
We shall restrict our attention to those solutions of (1) which exist on some 
ray [T, CO), where T>, t, and which are nontrivial in any neighborhood of 
infinity. Such a solution is called oscillatory if it has arbitrarily large zeros. 
Otherwise, the solution is called nonoscillatory. An equation is said to be 
oscillatory if all of its solutions are oscillatory. 
Grace and Lalli [3] have recently studied the differential equation 
x”(f) +p(t)f,(x(Nt))) g(x’(t)) = 03 t 3 to. (2) 
They pointed out that while stability, boundedness, and convergence to 
zero of all solutions of (2), when h(t) z t, have been investigated by many 
authors (see, e.g., Burton and Grimmer [ 11, Graef and Spikes [4, 51, 
Lalli [7], and Wong and Burton [9]) the oscillatory behavior of this 
equation has not been studied. They then proposed the following 
oscillation criterion for Eq. (2). 
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THEOREM (Grace and Lalli). Let 
(CI) pEC[t,, oo),p(t)30,fort>t0andp(t) f Oonanyruy[T, 00); 
CC,) gEC(R),R=(-co, co), mdg(y)>Ofory#O; 
(CX) fi~C(R), andxfl(x)>Ofor x#O; 
(Cd) f~(x)>Oforx#O; 
(C5) fi(XY)8&-flb)f,(Y)tf or.% .w R+ and -fi(-xy)~Kf,,(x)f,(y), 
for x, y E R _ , where K is a positive constant; 
G) J+. b-W+) g(u)) < 00 and JLo WbX~k(4) < 00; 
(C,) hEC[t,,co),h(t)>O,fort>t,undlim,,,h(t)=oo; 
CC,) J” As)fi(ds)) ds = co, where a(t) = min { t, h(t)}. 
Then Eq. (2) is oscillatory. 
We shall present two sets of sufficient conditions which ensure that all 
solutions of (1) are oscillatory. These conditions are different from those of 
Grace and Lalli [3] while extending the results reported in Hamedani [6]. 
RESULTS 
The following lemmas are basic for all later discussions. The first lemma 
can be found in [2] and the second is from [S]. They are given here for 
the sake of completeness. Grace and Lalli [3] have also given a proof of 
Ohriska’s lemma. 
LEMMA 1. Let 
(G) hEC[t0,oo),h(t)<tfort~t0,lim,,,h(t)=oo,undletx(t)E 
C’[T,co), x(t)>O,x’(t)>O, and x”(t)<0 for taT. Then for each 
k, E (0, 1) there exists a Tk, > T such that 
x(h(t)) z k, y x(t), t 2 Tk,. 
LEMMA 2. Let x(t) E C2[T, 03) with x(t) > 0, x’(t) > 0, and x”(t) < 0 for 
t > T. Then for each k, E (0, 1) there is a Tkz > T such that 
x(t) 2 k2 tx’(t), for t>Tkz. 
THEOREM 1. Let (C, ), (C,), and (C,) hold, and let 
(C,,,) f E C(R x R) and f (x, y) has the sign of x and y when they have 
the same sign; 
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(C,, ) there exists A4 > 0 such that, uniformly .for .x 2 M, 
lim inf A-5 Y) 
I I 
2ccoo; 
I l.l-r Y 
(C12) g(y) even and nonincreasing for y > 0; 
(Cl,) lim sup,+ 5 t jrx (h(s)/s) p(s) g(s) ds > c ‘, where c is as in 
(Cl,). 
Then Eq. ( 1) is oscillatory. 
Proqf: WLOG, in (C,,), we may assume lim inf, I/ _ T 1 f(,~, ,1;)i.c 1> c’ 
uniformly for x2 M. In view of (C,,) it suffices to consider only 
unbounded solutions. 
Let x(t) be a positive unbounded nonoscillatory solution of Eq. (1) on 
an interval [t, , m ), t, >, t,. It is easy to see that there exists a t2 3 t , such 
that for t 3 t2 
x(h(t)) > 0, x”(t) < 0, x’(t)>O. 
Integrating Eq. (1) from t to cx (t 2 t2), we have 
x’(t) 3 [‘x p(s)f(x(s), x(h(s))) t+‘(s)) ds. (3) 
By Lemmas 1 and 2, there exist k,, k, E (0, 1) and t, 3 t, such that 
,K(t) > k, k2 inff~x(s)~ x(h(s))) t / Y2, s 
m h(s) 
x(h(s)) I 
--p(.~)g(.u’(.d) 4.~1 ds, t3 t,. 
Since x(t) is positive and increasing and x’(t) is positive and decreasing, 
there exists a t, > t, such that, for t > t4, the above inequality yields 
1 > k k infS(x(s)~ x(&))) t 2 h(s) / 1 2 s>r I x(h(s)) I --p(s) g(s) ds. (4) 
From this inequality we see that 
s = h(s) c ~~‘~k,k,limsupt -p(s) g(s) ds. ,-a f (5) 
From (5) and (CT,,), it follows that 
s 
m 4s) c 1 <a=limsup t Tp(s) g(s) ds < CG. (6) r-m r 
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From (5) and (6), observing that kr, k2 E (0, 1) are arbitrary, we obtain the 
contradiction c-l <a < c-‘. 
COROLLARY 1. Let (C,), (C,), (C,), (C,,), (C,,), and (C,,) hold, andlet 
(Cd lim SUP~+~ t j;t) P(S) g(s) ds ' c-'> where c is as in (C,, ) and 
y(t)=sup{s~t,jh(s)<t}for t>tO. 
Then Eq. (1) is oscillatory. 
COROLLARY 2. Let (Cl), CC,), (G), (Cd, (Cl,), (C12), andeither (Cl,) 
or (C,,) hold. Furthermore, assume that k(t) also satisfies (C,). Then 
x”(t) +At)f(x(t), XV(t))) g(x’(k(t))) = 0, t > t, (7) 
is oscillatory. 
The proof follows as in Theorem 1 since, for a nonoscillatory solution of 
(7), g(x’(k(t))) 3 g(t) for sufficiently large t. 
To give another set of sufficient conditions for the oscillation of (1 ), we 
need the following lemma whose proof is similar to Lemma 4 of [6]. 
LEMMA 3. Let (C,), (C,), (C,), (C,,), (C,,), and (C,,) hold, and let 
CC,,) j; (h(s)ls) p(s) g(s) ds < 0,~. 
If x( t) is a nonoscillatory solution of (1 ), then for all large t, 
I 
Cc 
w’(s) ds < 00, (8) 
I 
lrn w’(s) ds + kd sr yp(s) g(s) ds d w(t), 
I f 
where w(t)=x’(t)/x(t), d>O may depend on x(t), and O<k< 1 is an 
arbitrary constant which is independent of x(t). We note that if 
lim,,, Ix(t)1 = 00, then d=c, where c is as in (C,,). 
Following [lo], we consider the sequence of functions 
~%M>> n=o, 1,2, . . . . tE [to, co), (10) 
where 
a,(t)=6clmh$)p(s)g(s)ds, 
, 
dt) = j-la i- l(s) ds + dt), n = 1, 2, . . . . 
and 6 is a constant, 0 < 6 < 1. We can now state the following result: 
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THEOREM 2. Let (C,), (C,), (C,), (C,,), (C,,), and (C,z) hold, and let 
there exist a constant 6, 0 < 6 < 1, such that one of the .following conditions 
is satisfied: 
(C’,,) there exists a positive integer m such that r,(t) is defined ,for 
n = 1, 2, . . . . m-l, hutlim,,,S:“cc~~,(s)ds=x.; 
(C,,) cc,(t) is defined ,for n= 1, 2, . . . . such that lim,,-, 7 x,,(t)= x 
pointwise,for all large t. 
Then Eq. (I ) is oscillatory. 
The proof follows from 
(a) Lemma 3, 
(b) the fact that (C,,) or (C,,) implies j” i: (h(s)/s)p(s)g(s)dsdr 
= x and hence bounded solutions are oscillatory, and 
(c) the argument given in [lo, p. 3821. 
REMARKS 
(i) If g(y) = 1, then we obtain all the results reported in [6]. 
(ii) All other results mentioned under Remarks of [6] for the 
differential equation 
x”(t) +p(t).f(x(t), x(h(t))) =O, (11) 
can be formulated for Eq. (1) as well. 
(iii) Ifinsteadof(C,,)weassumeg(y)3vl>Ofory#O,then(I)can 
be treated the same way as (11). 
(iv) Rather than requiring g(y) to be even, we could assume 
g(Y) = 
‘!?I(-Y) for y<O, 
g,(y) otherwise, 
where both g,(s) and gz(s) are nonincreasing for s > 0. This would require 
trivial modifications of some of our hypotheses and proofs. 
(v) Equation (7) has obvious interpretations. For example, consider 
the equation 
y”(t) +p(t)f (y(t), Ah(t))) g (; j-1 I ~‘(s)l d.y) = 0. 
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Such an equation could represent a system in which the “spring constant” 
is modified by a function of the average velocity; e.g., as the spring heats 
up, the spring is softer. For a nonoscillatory solution y(t), the mean value 
theorem would yield a new equation, 
to which we may apply Corollary 2. 
(vi) In all the examples conisdered in [3 3, g(y) is nondecreasing in 
1 y 1. Our criteria complement he one given in [3] in the sense that our 
criteria handle cases where g(y) is nonincreasing. 
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